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On topological field theory representation
of
higher analogs of classical special functions ∗
Anton A. Gerasimov and Dimitri R. Lebedev
Abstract. Looking for a quantum field theory model of Archimedean algebraic geometry a
class of infinite-dimensional integral representations of classical special functions was introduced.
Precisely the special functions such as Whittaker functions and Γ-function were identified with
correlation functions in topological field theories on a two-dimensional disk. Mirror symmetry of
the underlying topological field theory leads to a dual finite-dimensional integral representations
reproducing classical integral representations for the corresponding special functions. The mirror
symmetry interchanging infinite- and finite-dimensional integral representations provides an
incarnation of the local Archimedean Langlands duality on the level of classical special functions.
In this note we provide some directions to higher-dimensional generalizations of our previous
results. In the first part we consider topological field theory representations of multiple local
L-factors introduced by Kurokawa and expressed through multiple Barnes’s Γ-functions. In the
second part we are dealing with generalizations based on consideration of topological Yang-Mills
theories on non-compact four-dimensional manifolds. Presumably, in analogy with the mirror
duality in two-dimensions, S-dual description should be instrumental for deriving integral repre-
sentations for a particular class of quantum field theory correlation functions and thus providing
a new interesting class of special functions supplied with canonical integral representations.
Introduction
In [GLO2], [GLO3], [GLO4], [GLO5], [G] a topological field theory framework for a description
of the Archimedean algebraic geometry was proposed. As a first step [GLO2], [GLO3] local
Archimedean L-factors were interpreted as correlation functions in two-dimensional equivariant
topological field theories on a disk. It was demonstrated that the local Archimedean Langlands
correspondence between various constructions of L-factors (see e.g. [B], [L]) is realized as mirror
symmetry on the level of underlying topological field theories [GLO3]. These results were general-
ized to a class of Whittaker functions in [GLO4]. Presumably this picture holds in full generality
and provides a realization of the Archimedean Langlands duality for a generic Whittaker function.
Moreover, one can expect that the approach of [GLO2], [GLO3], [GLO4], [GLO5], [G] will lead
to an interpretation of all basic constructions of Archimedean algebraic geometry in terms of two-
dimensional topological field theories thus providing a clue to a natural formulation of the geometry
over Archimedean fields.
∗Extended version of a talk given by the first author at Quantum field theory and representation theory, October,
2010, Moscow, Russia.
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Given the proposed connection of the Archimedean geometry with two-dimensional topological
field theories it is natural to ask what is a special role of two dimensions in these considerations
and are there any signs of possible generalizations of [GLO2], [GLO3], [GLO4] to other dimensions.
The case of zero dimension was considered in [GL1]. This note is a very preliminary discussion of
a large project of higher dimensional generalizations of [GLO2], [GLO3], [GLO4]. In the first part
we propose a description of higher analogs of local Archimedean L-factors introduced by Kurokawa
[Ku1], [Ku2] (see also [Ma]) in terms of equivariant topological field theories with quadratic ac-
tions. The Kurokawa L-factors shall be considered as basic building blocks of higher-dimensional
generalizations of the Mellin-Barnes representations [KL]. We also speculate on a dual description
generalizing type B description of the standard local Archimedean L-factors [GLO3]. Eventu-
ally this should lead to a higher-dimensional generalization of the local Archimedean Langlands
correspondence.
In the second part of this note we pursue another (but related) direction of generalization of
[GLO4] relying on the four-dimensional topological field theories obtained by twisting of N = 2
SUSY Yang-Mills theory on non-compact four-dimensional manifolds. These theories have S-
dual descriptions in terms of theories of abelain gauge fields interacting with monopoles. There
exists a class of correlation functions in twisted N = 2 SUSY Yang-Mills theories on non-compact
four-dimensional manifolds computable by direct counting gauge theory instantons [LNS], [N],
[NO], [NY]. This class of correlation functions shall be considered as a close analog of the class
of correlation functions in type A topological sigma models considered in [GLO4]. Thus this
class of correlation functions in four-dimensional topological field theories should also have natural
integral representations similar to those derived in [GLO4] for two-dimensional topological sigma
models. In two-dimensional case the integral representations of correlation functions in topological
sigma models provide a direct relation with the mirror dual formulations in terms of topological
Landau-Ginzburg theories. One expects that in four-dimensions the integral representations of
the instanton counting functions provide direct links with the dual monopole descriptions of the
gauge theories (captured effectively by the Seiberg-Witten prepotential). This should also provide
integral representations of new special functions generalizing Whittaker functions (see [BE] for
related considerations). In this note we discuss what can be considered as a proper set-up for a
verification of these hopes. We consider only the case of non-compact four-manifolds with an action
of S1 isometry leaving more general cases e.g. allowing actions of S1 × S1 for future publication
[GL2]. Meanwhile, as a simple exercise, we explicitly construct an integral representation of the
Mellin-Barnes type for a limit of equivariant instanton counting function (first introduced in [LNS])
describing vortex in two-dimensional models (see e.g. [Shad]).
Let us make a short comment on (a small part of) modern literature on topological / super-
symmetric quantum field theories relevant to the subject of this note. One of the key points of
the constructions of [GLO2], [GLO3], [GLO4] was the use the equivariant setting with respect
to a group of global symmetries including space-time rotations. Although a relation between S1-
equivariance and coupling of two-dimensional topological sigma models with topological gravity
was well-known, the effective use of the S1-equivaraint extensions of topological sigma model was
initiated by Kontsevich [K] and further advanced in [Gi1], [Gi2], [Gi3]. The four-dimensional ana-
log of this approach was considered in [LNS] in the context of instanton counting on R4 and was
convincingly related in [N], [NO], [NY] to the Seiberg-Witten solution [SW] of N = 2 SUSY Yang-
Mills theory. An identification of a correlation function on a disk in a class of two-dimensional
topological field theories with solutions of quantum integrable systems was proposed in [GS1] using
previous findings in [MNS] and was argued in [GS2] to be a general phenomena. Many examples,
including four-dimensional cases relevant to considerations of this note were considered in [NS] (see
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also [NW]). For a detailed discussion of supersymmetric/ topological quantum field theories on
non-compact manifolds see [GW]. In the remarkable paper [AGT] a relation between correlation
functions of four-dimensional SUSY gauge theories and correlation functions in two-dimensional
models was proposed. This in particular implies that the class of special functions we are look-
ing for shall include building blocks of correlation functions in two-dimensional theories (such as
conformal Toda theories). Note also that counting of BPS states in SUSY quantum field theories
[R1], [KMMR], [R2] leads to generalized Mellin-Barnes type integral representations in terms of
combinations of double Γ-functions known as elliptic sin functions [DO] (see also [S] for various
relevant identities). This provides another example of special functions of a new kind related with
quantum field theories. Finally, in a recent paper [W3] a particular class of correlation functions in
topological gauge field theories on non-compact four-manifolds was proposed partially overlapping
with the discussions in the second part of this note.
Acknowledgments: The research was supported by Grant RFBR-09-01-93108-NCNIL-a. The
research of AG was also partly supported by Science Foundation Ireland grant.
1 Kurokawa multiple L-factors via topological field theory
In [GLO2] a representation of local Archimedean L-factors as correlation functions in equivariant
topological sigma models on a disk with target spaces Cℓ+1 was constructed. The local Archimedean
L-factors are basically given by products of Γ-functions and [GLO2] uses a realization of the Γ-
function as an inverse of a regularized infinite-dimensional determinant obtained by taking an
infinite-dimensional Gaussian integral. This representation can be straightforwardly generalized
to higher dimensions. Multiple Γ-functions introduced by Barnes [Ba] allow a representation as
inverse regularized infinite-dimensional determinants. Below we recast this representation into
a framework of higher-dimensional topological equivariant field theories. Kurokawa proposed to
use multiple Γ-functions for construction of higher analogs of L-factors and rise the question of
their arithmetic interpretation [Ku1], [Ku2] (see also [Ma]). Thus the topological field theory
representation of multiple Γ-functions provides a topological field theory representation of higher
local L-factors generalizing [GLO2] to higher dimensions.
We expect that the mirror dual representation of [GLO3] has also a generalization to higher
dimensions. This provides an instance of a higher dimensional analog of the local Archimedean
Langlands correspondence. In this Section we only briefly touch this topic by calculating the
multiple Γ-function via fixed point localization of the corresponding topological field theory integral
(as it was demonstrated in [GLO3] this directly leads to mirror dual description for classical Γ-
functions).
1.1 Multiple Gamma-functions
Let us first recall the basic constructions of the hierarchy of Γ-functions [Ba]. The simplest Γ-
function (called elementary Γ-function in [GL1]) is given by
Γ0(s) =
1
s
. (1.1)
The standard Γ-function can be considered as a next element of the hierarchy of Γ-functions.
Actually it is more natural to introduce a slightly modified Γ-function
Γ1(s|ω) = (2π)−
1
2 ω
s
ω
− 1
2Γ(s/ω), ω > 0, (1.2)
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satisfying the functional equation
Γ1(s|ω)
Γ1(s+ ω|ω) = Γ0(s). (1.3)
The modified Γ-function can be also expressed through a regularized infinite product
Γ1(s|ω) =
 ∏
n∈Z≥0
(s + nω)−1

reg
:= exp(
∂
∂ν
ζ(s, ν|ω)|ν=0, (1.4)
where ζ(s, ν|ω) is defined as an analytic continuation of the infinite sum
ζ(s, ν|ω) =
∑
n∈Z≥
1
(s+ nω)ν
, Re(ν) > 1. (1.5)
Another useful way to define (modified) Γ-function is via the Gauss integral representation of its
logarithm
ln Γ1(s|ω) = −γ
(
s
ω
− 1
2
)
+
∫
C
dt
2πıt
e−st ln(−t)
(1− e−ωt) , (1.6)
where γ is the Euler constant and C is the Hankel contour starting at +∞ enclosing t = 0 counter-
clockwise and returning to +∞.
The elementary Γ-function (1.1) can be obtained as a limit of the modified Γ-function
Γ0(s) = lim
ω→∞
( ω
2π
)− 1
2
Γ1(s|ω), (1.7)
taking into account (1.3) and Γ1(ω|ω) = (ω/2π)1/2. Let ω = (ω1, . . . , ωr) be an array of positive
real numbers. The multiple Γ-functions are defined as infinite products
Γr(s|ω) =
 ∏
n∈Zr≥0
(s+ 〈n, ω〉)−1

reg
=
∂
∂ν
ζr(s, ν|ω)|ν=0, ω = (ω1, . . . , ωr), n = (n1, . . . , nr),
regularized using analytic continuation of the ζ-function [Ba]
ζr(s, ν|ω) =
∑
n∈Zr≥
1
(s+ 〈n, ω〉)ν , Re(ν) > r. (1.8)
Thus defined multiple Γ-functions satisfy the following defining equations:
Γr(s|ω)
Γr(s + ωi|ω) = Γr−1(s|ω − {ωi}), i = 1, . . . , r, (1.9)
and more generally ∏
ǫ
Γr(s+ 〈ω, ǫ〉|ω)(−1)|ǫ| = s−1, (1.10)
where ǫ = (ǫ1, . . . , ǫr), ǫi = 0, 1 and |ǫ| =
∑
i ǫi.
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Multiple Γ-functions allow integral representation generalizing the classical Gauss integral rep-
resentation (1.6)
ln Γr(s|ω) = (−1)
r
r!
γ Br,r(s) +
∫
C
dt
2πıt
e−st ln(−t)∏r
a=1(1− e−ωat)
, (1.11)
where C is the Hankel contour. Here γ is the Euler constant and the Bernoulli polynomial Br,k(s)
are defined by the following generating series:
trezt∏r
k=1(e
ωkt − 1) =
+∞∑
k=0
Br,k(z, ω)
tk
k!
. (1.12)
The following limiting relation between multiple Γ-functions holds:
Γr−1(s|ω − {ωr}) = lim
ωr→∞
Γr(s|ω)
Γr(ωr|ω) . (1.13)
Let us note that hierarchy of multiple Γ-functions allows a natural q-deformation. The q-deformed
multiple Γ-function is defined as an infinite product
Γr(t|q) =
∏
n∈Zr≥0
1
(1− tqn11 · · · qnrr )
, (1.14)
where q = (q1, . . . , qr) and we imply |qj| < 1, j = 1, . . . , r. Under these conditions the product
absolutely converges and no regularization is needed. The q-deformed multiple Γ-functions can be
also represented as an infinite determinant
Γr(t|q) = det
C[z1,...,zr]
1
(1− tqd11 · · · qdrr )
, (1.15)
where the mutually commuting operators dj act as follows:
dj · zn11 · · · znrr = nj · zn11 · · · znrr . (1.16)
One can represent q-deformed multiple Γ-functions as traces using the standard algebraic identities.
Let Ar be the space of polynomials of the variable Zi,n, i = 1, . . . , r, n ∈ Z≥0. Then we have the
following representation:
Γr(t|q) = TrAr tDqd11 · · · qdrr , (1.17)
where the actions of the mutually commuting operators D and d1, . . . , dr on Ar are induced by the
following actions on the generators of the polynomial ring:
dj · Zi,n = δijnZin, D · Zjn = Zjn. (1.18)
The multiple q-deformed Γ-functions satisfy q-analogs of the functional relations (1.10)
∏
ǫ
Γr(t
r∏
i=1
qǫii |q)(−1)
|ǫ|
=
1
1− t . (1.19)
These functional relations (1.19) allow a simple interpretation in terms of coherent sheaves on Cr.
Consider for example the following exact sequence of C[z]-modules:
0 −→ zC[z] −→ C[z] −→ C −→ 0. (1.20)
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Using multiplicative property of determinants with respect to exact sequences we have
det
C
(1− t) det
zC[z]
(1− tqd) = det
C[z]
(1− tqd), (1.21)
where d · zn = n zn. Taking into account the definition (1.14) of q-deformed Γ-functions we have
the functional relation
Γ1(t|q)
Γ1(qt|q) = Γ0(t), (1.22)
where
Γ0(t) =
1
1− t , Γ1(t|q) =
1∏∞
n=0(1− tqn)
. (1.23)
For r = 2 consider the Koszul resolution of the skyscraper sheaf Oz=0 at 0 ∈ C2
0 −→ C[z1, z2] −→ z1C[z1, z2]⊕ z2C[z1, z2] −→ C[z1, z2] −→ C −→ 0.
Let d1, d2 be commuting operators acting on polynomials via di·znjj = δijnj znjj . Taking determinant
of the operator (1−tqd11 qd22 ) acting on various terms of the exact sequence we arrive at the following
functional relation:
Γ2(tq1q2|q1, q2)Γ2(t|q1, q2)
Γ2(tq1|q1, q2)Γ2(tq2|q1, q2) =
1
1− t , (1.24)
which is a particular instance of (1.19).
1.2 Topological field theory interpretation
Now we provide a simple interpretation of the multiple Γ-functions (and thus Kurokawa generalized
local Archimedean L-factors) as correlation functions in equivariant topological field theories thus
generalizing the results of [GLO2] to higher dimensions. We start with a representation of multiple
Γ-functions as properly regularized symplectic volumes of infinite-dimensional spaces. Consider the
spaceM(Dr,Cℓ+1) of holomorphic maps of the polydisk Dr = {(z1, . . . , zr) ∈ Cr| |za| ≤ 1} into the
vector space Cℓ+1. There are natural actions of Uℓ+1 and real r-dimensional torus Tr = S
1×· · ·×S1
on M(Dr,Cℓ+1). The action of Uℓ+1 is induced from the standard action on Cℓ+1 and Tr acts by
rotation of Dr
za → eıαaza, a = 1, . . . , r. (1.25)
The space of maps has natural symplectic structure
Ω =
ı
2(2π)r
∫
|za|=1
r∏
a=1
dσa
ℓ+1∑
j=1
δϕj(z) ∧ δϕ¯j(z), za = raeıσa , (1.26)
induced by the standard symplectic structure on Cℓ+1
ω =
ı
2
r∑
j=1
dzj ∧ dz¯j . (1.27)
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The action of Uℓ+1 × Tr is Hamiltonian with respect to (1.26) and the corresponding momenta for
the diagonal subgroup U ℓ+11 ⊂ Uℓ+1 and Tr are given by
Hb =
ı
2(2π)r
∫
|za|=1
r∏
a=1
dσa
ℓ+1∑
j=1
ϕ¯j∂σbϕ
j , b = 1, . . . , r, (1.28)
Hj = − 1
2(2π)r
∫
|za|=1
r∏
a=1
dσa |ϕj |2, j = 1, . . . , (ℓ+ 1). (1.29)
We define Tr ×Uℓ+1-equivariant volume of M(Dr,Cℓ+1) as the following infinite-dimensional inte-
gral:
Z(λ, ω) =
∫
M(Dr ,Cℓ+1)
eΩ−
∑ℓ+1
j=1
λjHj−
∑r
a=1 ωaHa , ωa > 0 (1.30)
where λ = (λ1, . . . , λℓ+1), ω = (ω1, . . . , ωℓ+1) and the infinite-dimensional Gaussian integrals are
understood via ζ-function regularization. Straightforward calculations similar to the one in [GLO2]
give
Z(λ, ω) =
ℓ+1∏
j=1
Γr(λj |ω). (1.31)
It is easy to write down representation for the equivariant symplectic volume (1.30) using formalism
of topological field theories. Consider a quantum field theory on Dr with the following set of fields:
(ϕj , ϕ¯j , χj , χ¯j , ψja, ψ¯ja, F ja, F¯ ja), j = 1, . . . (ℓ+ 1), a = 1, . . . r, (1.32)
where ϕ and F are even and ψ and χ are odd fields. Note that the complex functions (ϕ,F, ψ, χ)
can be written in terms of real functions
(ϕA, χA, ψAµ, FAµ), A = 1, . . . 2(ℓ+ 1), µ = 1, . . . 2r, (1.33)
with additional constraints
ψAµ + (J2)
ν
µψ
B
ν (J1)
A
B = 0, F
A
µ + (J2)
ν
µF
B
ν (J1)
A
B = 0. (1.34)
Here J1 ∈ End(R2r) and J2 ∈ End(R2ℓ+2) are standard complex structures on Cr and Cℓ+1 corre-
spondingly.
Let us pick a Tr-invariant metric h on Dr. Consider a topological theory with the following
action functional:
S0 = δ0
(∫
Dr
d2rz
√
hV
)
=
∫
Dr
d2rz
√
hhµν(FAµ ∂νφ
A + ψAµ ∂νχ
A), (1.35)
where
V = hµνψAµ ∂νφA, (1.36)
and δ0 is the BRST operator defined by the relations
δ0φ
A = χA, δ0χ
A = 0, δ0ψ
A
µ = F
A
µ , δ0F
A
µ = 0. (1.37)
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The operator δ0 is obviously nilpotent δ
2
0 = 0.
We are interested in construction of Uℓ+1 × Tr-equivariant generalization of the theory with
the action (1.35). Let us start with Tr-equivariance. The Tr-equivariant differential is given by
standard equivariant extension of the de Rham differential
δTr = δ0 +
r∑
a=1
ωaιva , va = ı
(
za
∂
∂za
− z¯a ∂
∂z¯a
)
, (1.38)
and (ω1, . . . , ωr) is an element of the Lie algebra Lie(Tr). Consider the action of the diagonal
subgroup U(1)ℓ+1 on Cℓ+1 given by
eıαj : ϕk −→ eıαjδj,kϕk, j, k = 1, . . . , (ℓ+ 1). (1.39)
Now U ℓ+11 × Tr-equivariant generalization of the BRST operator (1.37) is given by
δϕj = χj , δχj = −
(
r∑
a=1
ωaivadϕ
j + ıλjϕ
j
)
, (1.40)
δψj = F j, δF j = −
(
r∑
a=1
ωaLvaψj + ıλjψj
)
.
where (λ1, . . . , λℓ+1) is an element of Lie algebra Lie(U
ℓ+1
1 ). Consider the following U
ℓ+1
1 × Tr-
invariant δ-closed form on the space of maps Dr → Cℓ+1:
O = ı
2(2π)r
∫
|za|=1
r∏
a=1
dσa (
ℓ+1∑
j=1
χjχ¯j + ıλj |ϕj |2 +
r∑
a=1
ωaϕ¯
j∂σaϕ
j). (1.41)
Now we would like to calculate the functional integral with the following modified action
S =
∫
Dr
d2rz
√
hhµν(FAµ ∂νφ
A + ψAµ ∂νχ
A) +O. (1.42)
Integrating over F we restrict the fields φ to the subspace
∂φi = 0, ∂φ¯i = 0, (1.43)
and similarly for integration over ψ. Further integral over holomorphic fields φ and χ reduces to
the equivariant volume integral (1.30). Thus the functional integral with the action (1.42) gives
the integral representation for multiple Γ-function
Z(λ|ω) =
ℓ+1∏
j=1
Γr(λj |ω). (1.44)
Let us also note that the topological field theory with the action (1.42) for r = 2 and ℓ+1 = 2 can
be interpreted as an U2 × T2-equivariant extension of the theory of N = 2 SUSY hypermultiplet.
Recall that classical Γ-function provides a basic building block of the Mellin-Barnes integral rep-
resentation of various special functions [KL], [GKL]. Given a quantum field theory representation
of multiple Γ-functions, one might expect that the special functions allowing the Mellin-Barnes inte-
gral representations have natural higher-dimensional generalizations expressed in terms of multiple
Γ-functions and related with correlation functions in higher-dimensional equivariant topological
field theories.
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1.3 Multiple Euler integrals via fixed point calculation
In the case of two-dimensional disk (i.e. for r = 1) the functional integral in the left hand side
of (1.44) was interpreted as a correlation function in type A topological sigma model i.e. as a
topological sigma model obtained by type A twisting from aN = 2 SUSY sigma model [GLO1]. One
can consider a mirror dual type B topological sigma model of the Landau-Ginzburg type. This dual
description naturally leads to the Euler integral representation of the classical Γ-function. In [GLO3]
it was demonstrated that the type B dual description can be obtained directly from the type A
functional integral using fixed point localization technique. Below we provide a heuristic derivation
of the multiple analog of the Euler integral representation of multiple Γ-functions applying fixed
point localization to the infinite-dimensional integral (1.30). Thus obtained integral representations
of multiple Γ-functions shall naturally arise in mirror dual description of the topological field
theories with the actions (1.42).
Let us first briefly recall the derivation of the Euler integral representation of the classical
Γ-function via fixed point localization [GLO3]. Precisely we are going to derive an expression
for the Fourier transform of Γ-function (the Euler integral representation is an inversion of this
representation)
E1(τ |ω) := 1
2πı
∫ +ı∞+ǫ
−ı∞+ǫ
ds e−sτ Γ1(s|ω) =
( ω
2π
) 1
2
e−
1
ω
eωτ . (1.45)
The standard functional equation on Γ-function can be written as the following equation on its
Fourier transform
(∂τ + e
ωτ )E1(τ |ω) = 0. (1.46)
Recall that Γ-function allows a representation as the infinite-dimensional integral (1.30), (1.31).
The Fourier transform of the integral (1.30) gives a representation of the U1 × S1- equivariant
volume of the projectivization P(M(D1,C)) of the space of holomorphic maps M(D1,C) of the
disk D1 into the complex plane. This symplectic space allows Hamiltonian action of S
1 by rotations
of D1. The S
1-fixed points in P(M(D1,C)) in homogeneous coordinates (given by coefficients of
series expansions ϕ(z) =
∑∞
m=0 ϕmz
m of the holomorphic maps ϕ : D1 → C) are enumerated by
n ∈ Z≥0 and given by
ϕm = 0, m 6= n. (1.47)
Local coordinates near n-th isolated fixed point are then can be chosen as ϕm/ϕn, m 6= n. Formal
application of the Duistermaat-Heckman formula [DH] gives the following heuristic expression for
the Fourier transform
1
2πı
∫ +ı∞+ǫ
−ı∞+ǫ
dλ e−λτ Z(λ, ω) =
∞∑
n=0
∏∞
m=1(mω)∏∞
m=0, m6=n((m− n)ω)
eSn , Sn = nωτ, (1.48)
where we normalize the right hand side by multiplying on τ - and n-independent function
∏∞
m=1(mω).
The infinite product above is understood via ζ-function regularization. Now formal manipulations
give
1
2πı
∫ +ı∞+ǫ
−ı∞+ǫ
dλ e−λτ Z(λ, ω) =
( ω
2π
) 1
2
∞∑
n=0
(−1)n
n!ωn
enωτ =
( ω
2π
) 1
2
e−
1
ω
eωτ , (1.49)
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Thus taking into account the relation Z(λ, ω) = Γ1(λ|ω) we arrive at (1.45). It is useful to rewrite
the series expansion for E1(τ |ω) = (ω/2π)1/2 exp(− 1ωeωτ ) in the following form
E1(τ |ω) =
( ω
2π
) 1
2
∞∑
n=0
(
Γ1(ǫ− nω|ω)
Γ1(ǫ|ω) e
(nω−ǫ)τ
)
ǫ→+0
. (1.50)
It is easy to verify that the equation (1.46) reduces to the basic functional relation (1.3) on coeffi-
cients of the series (1.50).
Now we apply similar approach to higher-dimensional integrals (1.30) to obtain multiple analogs
of (1.45) and (1.50). Consider Fourier transformed infinite-dimensional integral (1.30) for ℓ = 0
and arbitrary r
Er(τ |ω) = 1
2πı
∫ +ı∞+ǫ
−ı∞+ǫ
dλ e−λτ Z(λ, ω), (1.51)
where ω = (ω1, . . . , ωr). We would like to calculate (1.51) explicitly using fixed point localization
with respect to the action of the torus Tr. By (1.31) this gives an integral transform of multiple
Γ-function which can be inverted to obtain multiple analog of the Euler integral representation
Γ1(s|ω) =
( ω
2π
) 1
2
∫ +∞
−∞
dτ esτ e−
1
ω
eωτ . (1.52)
Analogously to the case of r = 1 (see [GLO3]) the set of fixed points of Tr = S
1 × · · · × S1
on P(M(Dr,C)) is enumerated by r-tuples n = (n1, . . . , nr) of non-negative integers. The local
coordinates near isolated fixed points are given by ϕm/ϕn, m = (m1, . . . ,mr) 6= n = (n1, . . . , nr).
The sum over fixed points boils down to the following:
Er(τ |ω) =
∑
n∈Zr≥0
∏
m∈(Zr≥0−{0})
〈m,ω〉∏
m∈(Zr≥0−{n})
〈m− n, ω〉 e
Sn , Sn = 〈n, ω〉 τ. (1.53)
This formal expression can be rewritten in terms higher Γ-functions
Er(τ |ω) = Er(0|ω)
∑
n∈Zr≥0
(
Γr(ǫ− 〈n, ω〉|ω)
Γr(ǫ|ω) e
(〈n,ω〉−ǫ) τ
)
ǫ→+0
. (1.54)
On the other hand by taking into account (1.31) and (1.51) we obtain the (Fourier transformed)
multiple analog of the Euler integral representation for multiple Γ-functions. Note that it is easy to
check that the series (1.54) satisfies the Fourier transformed analog of the basic functional relation
(1.9) (
1
Γr−1(∂τ |ω − {ωa}) + e
ωaτ
)
Er(τ |ω) = 0, a = 1, . . . , r. (1.55)
Our considerations in this Subsection were mostly heuristic and additional work is obviously needed
to make these reasonings precise.
2 Topological gauge field theories in d = 2 and d = 4
In [GLO4] the results of [GLO2], [GLO3] were generalized to the case of two-dimensional type A
topological sigma models with the compact target spaces Pℓ. We identify a particular correlation
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function in type A topological sigma model on a disk D with the Whittaker function associated
with the maximal parabolic subgroup of GLℓ+1. This provides a representation of the Whittaker
functions as an infinite-dimensional integral the over space of holomorphic maps of D in Pℓ. In
explicit calculation of the corresponding correlation function the representation of the topologi-
cal sigma model with the target space Pℓ via a linear U(1)-gauged sigma model with the target
space Cℓ+1 was used. In [GLO4] we also give a mirror dual description of the type A twisted
topological Pℓ-sigma model in terms of a type B twisted Landau-Ginzburg model reproducing the
finite-dimensional integral representation of the Whittaker function [GKLO]. One shall stress that
the correlation functions in type A topological Pℓ-sigma model on a disk are closely connected with
the counting two-dimensional instantons i.e. holomorphic maps of P1 in Pℓ [Gi1], [Gi2], [GLO1]
(the Whittaker functions appear already in instanton counting [Gi3]). However the most direct con-
nection between the Whittaker functions and correlation functions in two-dimensional topological
quantum field theories arises when the latter are considered on two-dimensional disks.
To discuss further generalizations of the results of [GLO4] let us note that the calculation of a
particular correlation function in topological Pℓ-sigma model [GLO4] can be reduced to a calculation
of S1 × Uℓ+1-equivariant symplectic volume of the space of holomorphic maps of the disk D into
Pℓ. This formulation has obvious relation with the basic setup of the Floer cohomology groups
of Lagrangian submanifolds calculated via counting holomorophic disks. There is a well-known
four-dimensional analog [F] (see also e.g. [CJS], [AB] and [DK] for general facts on instanton
moduli spaces) of the theory where the role of the space of holomorphic maps of two-dimensional
disks into symplectic manifolds is played by the moduli spaces of instantons i.e. the spaces of
gauge equivalence classes of anti self-dual connections on principle G-bundles over four-dimensional
manifolds with nontrivial boundaries. The cohomology invariants of the instanton moduli spaces
(such as e.g. equivariant symplectic volumes) can be conveniently described in terms of topological
Yang-Mills theories [W1]. Thus one would expect that a generalization of the results of [GLO4]
to the case of topological four-dimensional Yang-Mills gauge theories would provide an interesting
example of higher analog of special function. Let us remark that in four dimensions there is an
analog of two-dimensional mirror-symmetry known as S-duality. In the case of asymptotically free
N = 2 Yang-Mills theories with a gauge group G the S-dual theory is a N = 2 Yang-Mills theory
with an abelian gauge group dual to abelian subgroup of the original gauge group G interacting
with monopole hypermultiplets. There exists an explicit construction of the mirror duals to two-
dimensional gauged linear sigma-models [AV]. Thus one might hope that there is a similar effective
dual description of the correlation functions in the topological non-abelian Yang-Mills theories via
S-dual topological theories. Let us stress that the explicit calculations of a particular instanton
counting functions in N = 2 SUSY Yang-Mills theories were initiated in [LNS] and its relation
with Seiberg-Witten geometry was demonstrated in [N], [NO], [NY] by explicit calculations (see
also [BE] where the affine Whittaker functions were related with instanton counting in topological
Yang-Mills theories). Thus pursuing the analogy with [GLO4] in the four-dimensional case one may
hope to find a more direct and conceptional explanation of the relation between instanton counting
and Seiberg-Witten solution of N = 2 SUSY Yang-Mills theory. In this part of the note we briefly
describe basic constructions in topological field theories on two- and four-dimensional non-compact
manifolds relevant to the program of deriving dual pairs of integral representations of new special
functions associated with topological gauge field theories in four dimensions. We postpone detailed
considerations including more general examples for the future publication [GL2].
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2.1 Equivariant symplectic volumes of instanton moduli spaces
Let us first recall basic constructions used in [GLO4] with the emphasis on a relation with the Floer
cohomology theory (see e.g. [CJS], [Gi1]).
Let X be a Ka¨hler manifold with a Ka¨hler form ω. Let L˜X be a universal cover of the loop space
LX of X. Consider a submanifold L˜X+ ⊂ L˜X of the loops Φ : S1 → X allowing an extension
to holomorphic maps of the disk D, ∂D = S1 into X. This is a sympelctic manifold with the
sympelctic structure
Ω2 =
∫
S1
dσ ωij¯(ϕ, ϕ¯) δϕ
i ∧ δϕ¯j¯ , (2.1)
where Φ is locally described by a set of functions (ϕi(σ), ϕ¯i(σ)). The group S1 of loop rotations
acts on (L˜X+,Ω2) in a Hamiltonian way and we denote the corresponding momentum by HS1 .
Suppose that X is also supplied with the Hamiltonian action of a compact Lie group G and µ(ϕ, ϕ¯)
be the corresponding momentum map µ : X → g∗, g = Lie(G). The momenta for induced action
of G on L˜X+ are then given by
Ha =
∫
S1
dσ µa(ϕ(σ), ϕ¯(σ)), a = 1, . . . ,dim(G). (2.2)
In [GLO2], [GLO4] the following S1 ×G-equivariant symplectic volume integrals were considered
Z =
∫
L˜X+
eΩ2−
∑
a λaHa−~HS1 , (2.3)
where Ω2−
∑
a λaHa−~HS1 shall be understood as S1×G-equivariant extension of the symplectic
form (2.1). It was demonstrated in [GLO2], [GLO4] that such integrals for particular (X,ω,G)
provide infinite-dimensional integral representations of special functions such as Γ-function and
various Whittaker functions.
The construction described above allows the following four-dimensional generalization. Let M
be a four-dimensional manifold with a boundary N = ∂M . One considers the universal cover
A˜N/G of the space AN/G of gauge equivalence classes of connections on a principle G-bundle
over a three-dimensional manifold N (it might be more natural to consider the factorization over
subgroup of basic gauge transformations G0 ⊂ G i.e. respecting a trivialization at a point in N).
Let N allow an action of an isometry group GN and this action can be extended to M . The space
A˜N/G shall be considered as an analog of the space L˜X in two-dimensional case and an appropriate
subgroup of GN will play the role of the group S
1 of disk rotations. The analog of the space of
holomorphic maps D → X is then the spaceM(M,N) of gauge equivalence classes of anti self-dual
G-connections on M understood as a subspace in A˜N/G via restriction to the boundary N . There
is also an action of the group G of global gauge transformations on the moduli space M(M,N) of
anti-self-dual G-connections on M . In the calculation of the correlation function in Pℓ topological
sigma model [GLO4] the basic observable in the corresponding linear U(1) gauged sigma model on
the disk was the integral O = ∫D F (A) representing the pull back of the standard symplectic form
on the target space Pℓ. In four-dimensional case the formal analog is given by the integral
O =
∫
M
TrF (A) ∧ F (A), (2.4)
where F (A) is a curvature of the connection A on a principle G-bundle on M .
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Let us consider a simple case of N = S1 × Σ, Σ being a compact two-dimensional surface and
GN = S
1 acts on the first factor by rotations. The symplectic structure on M(N,M) is given by
a restriction of the following two-form
Ω4 =
1
2
∫
N=S1×Σ
eS1 ∧ Tr δA ∧ δA, (2.5)
where eS1 is a lift of constant one-form dθ on the first factor S
1 of N = S1 × Σ.
In analogy with (2.3) we would like to calculate S1 × G-equivariant symplectic volume of the
space M(M,N)
Z(φ0, ~) =
∫
M(M,N)
eΩ
equiv
4 , φ0 ∈ Lie(G), (2.6)
where Ωequiv4 is following S
1 ×G-equivariant extension of the symplectic form (2.5):
Ωequiv4 =
∫
N=S1×Σ
eS1 ∧ Tr (
1
2
δA ∧ δA+ φ0F (A)) + ~SCS(A), (2.7)
and SCS(A) is the Chern-Simons functional
SCS(A) =
∫
N
Tr (AdA +
2
3
A3). (2.8)
This integral basically reduces to the functional integral in the Chern-Simons theory on the bound-
ary N restricted to the connections such that the connections on N can be extended to anti self-dual
connections on M . Note that the integrand in (2.6) is not invariant with respect to large gauge
transformations (related with non-trivial instantons in the bulk). This is consistent with the fact
that we consider universal cover A˜N/G0 instead of AN/G0. In the following Subsection we rewrite
this integral using the standard formalizm of topological gauge field theories [W1].
2.2 Topological field theory representation of symplectic volumes
Equivariant symplectic volume (2.6) of the moduli spaces of instantonsM(M,N) can be represented
as the functional integral in a topological gauge field theories [W1]. Let us recall basic construction
of the topological gauge theory associated with a principle G-bundle PG over a four-dimensional
manifold M . Let g = Lie(G) be a Lie algebra of G. Topological gauge theory field multiplet
(A,ψ, φ) consists of a connection A, g-valued odd one form ψ and a g-valued complex even scalar
field ϕ. More precisely the last two fields take values in adg-bundles associated with PG. The
BRST transformations are defined as follows:
δA = ψ, δψ = −Dφ, δφ = 0, (2.9)
where Dφ stands for covariant derivative Dµφ = ∂µφ+ [Aµ, φ]. Consider additional field multiplet
consisting of an anti self-dual two form χ
χaµν = −χaνµ =
1
2
ǫµνρτχ
aρτ , (2.10)
its BRST partner H
δχ = H, δH = [φ,H], (2.11)
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and a pair of even and odd zero forms λ, η
δλ = η, δη = [φ, λ]. (2.12)
The action is given by a δ-variation
S = δ
(∫
M
d4x V
)
=
∫
M
d4xTr (−2HµνF+µν +
1
2
φDµD
µλ− ηDµψµ (2.13)
−λ[ψµ, ψµ]− χµν(Dµψν −Dνψµ − ǫµνρτDρψτ )),
where V = Tr (−Dµλψµ + 2χµνF+µν)) and F+µν = 12(Fµν + ∗Fµν). After integration over H in the
functional integral with the action (2.13) the integral over gauge connections is localized on a subset
of anti self-dual connections F+ = 0. Further integration over χ and η leads to the constraints
Dµψν −Dνψµ − ǫµνρτDρψτ = 0, Dµψµ = 0. (2.14)
These constraints effectively restrict ψ to be a section of the tangent bundle to the moduli space of
anit self-dual connections. Thus the functional integral (modulo some subtleties with zero modes
[W1]) reduces to the integral over odd tangent bundle to the moduli space of instantons.
Now consider an S1×G-equivariant extension of the topological Yang-Mills theory TYM theory
on D × Σ where S1 acts by rotations of the disk D. The S1 ×G-equivariant BRST operator acts
on the topological gauge multiplet as follows (compare with [GLO4])
δeq A = ψ, δeq ψ = −Dφ+ ~d(ιvA) + ~ιvF (A), δeqφ = 0, (2.15)
δeqχ = H, δeqH = ~Lvχ, δeqλ = η, δeqη = ~Lvλ,
where v is a generator of S1. The four-manifold M = D × Σ has the boundary N = S1 × Σ and
the following observable is δeq-closed
O =
∫
S1×Σ
eS1 ∧ Tr (
1
2
ψ ∧ ψ + φF (A)) + ~SCS(A), (2.16)
where
SCS(A) =
∫
S1×Σ
Tr
(
AdA+
2
3
A3
)
, (2.17)
is the Chern-Simons functional. This is precisely the observable we use in (2.6) to define the
equivaraint symplectic volume of the moduli space of instantons on non-compact four-manifolds.
To calculate the integral (2.6) one can use equivariant localization or/and explicit parametrization of
anti self-dual fields via twistor formalizm. Note that one can consider another interesting examples
of four-manifolds with non-trivial isometries such as D×D with a natural action of S1×S1 rotating
two disks independently. This leads to a consideration of the Chern-Simons theory on S1 ×D i.e.
to a potential connection with conformal field theories (compare with [AGT]).
2.3 On a dual description of equivariant symplectic volumes
General approach to study topology of instanton moduli spaces via S-dual quantum gauge field
theories was proposed in [W2] and successfully applied to calculations of the Donaldson invariants
of compact four-dimensional manifolds. One would expect that the same approach should work for
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the calculation of equivariant volumes (2.6) on non-compact four-manifolds (see [GW] for related
considerations). Let us stress that similar approach based on mirror symmetry successfully works
for non-compact two-dimensional surfaces [GLO4]. A mirror dual description of two-dimensional
sigma models with the target spaces being compact Ka¨hler manifolds with positive first Chern class
in terms of Landau-Ginzburg theories leads to explicit finite-dimensional integral representations
of the corresponding equivaraint symplectic volume integrals (2.3).
Let us provide some general remarks on analogy between four-dimensional S-duality versus
two-dimensional mirror symmetry relevant to calculations of equivariant symplectic volumes. The
approach of [W2] can be considered as an application of S-duality in the following sense. Recall
that S-duality transformation of abelain gauge fields relates on-shell gauge field A and its dual
A∨ via the constraint F (A∨) = ∗F (A). This relation can be non-trivially generalized to finite
non-abelian theories such as N = 4 SUSY Yang-Mills theories or finite N = 2 SUSY SU(N) Yang-
Mills theories with matter multiplets in the fundamental representation by taking into account
non-perturbative effects. For asymptotically free theories such as pure N = 2 SUSY Yang-Mills
theories the S-duality relation even more involved. The theory that is dual to microscopic non-
abelian N = 2 Yang-Mills theory is an abelain theory with monopoles. Heuristically the duality
transformation in this case goes as follows. Generically on the moduli space of vacuums the non-
diagonal components of the gauge fields are massive and can be “integrated out” in the effective
low-energy description. However near points of the moduli space where non-perturbative monopole
solutions become massless (and the proper description is in terms of the dual abelain gauge fields)
to obtain non-singular description one shall “integrate in” the near-massless monopole field. The
resulting theory of dual abelian gauge fields interacting with monopole hypermultiplets can be
considered as an S-dual description of the original pure N = 2 Yang-Mills theory. The case of
finite N = 4 Yang-Mills theory can be also treated this way by “integrating in” the non-diagonal
gauge fields for the dual gauge group.
This description of S-duality in four dimensions is completely analogous to the description
of the mirror symmetry for Pℓ-sigma models realized as U(1)-gauged linear sigma models of the
fields (Xi,Σa) where X
i, i = 1, . . . , (ℓ + 1) are chiral superfields and Σ is a twisted chiral super-
field. By integrating out Xi one obtains an effective theory of twisted chiral superfield Σ with the
superpotential of the form
W (Σ) = Σ lnΣ + ... (2.18)
Now we can “integrate in” additional twisted chiral supermultiplets Y j to obtain the dual effective
twisted potential
W (Σ, Y ) = Σ(
∑
j
Y j − r2) +
∑
j=1
eYj , (2.19)
(see [AV] for details). This provides a mirror dual Landau-Ginzburg description of N = 2 SUSY
Pℓ sigma model.
We are interested in calculation of equivaraint symplectic volume of instantons on non-compact
four-manifold (2.6). Let us outline the corresponding dual description of the SUSY gauge theories
on non-compact manifolds. The Seiberg-Witten solution [SW] of the pure N = 2 SUSY SU(N +1)
gauge field theory specifies a prepotential F(A) of the low-energy effective theory depending on
N = 2 abelian vector superfields Ai, i = 1, . . . , N+1. The classical contribution to the prepotential
F(A) is given by F0(A) = 12τ0
∑N
i=1A
2
i , τ0 =
θ
2π + ı
4π
g2
and the complete function F(A) entering
the Seiberg-Witten solution encodes a geometry of a family of algebraic curves. The corresponding
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action functional can be written in terms of N = 1 chiral and vector superfields Ai and W iα as
follows:
S =
1
4π
Im
[∫
d4x d4θ
∂F(A)
∂Ai
A¯i +
1
2
∫
d4x d2θ
∂2F(A)
∂Ai∂Aj
W iαW
j
α
]
. (2.20)
Note that the action (2.20) the N = 2 vector multiplet with a general prepotential F(A) can be
considered as an integral of a four-observable O(4) constructed from a zero-observable O(0) = F(φ)
by the standard descent procedure dO(n) = δO(n+1). Similar to considerations in [GLO3]. On
the non-compact four-manifold there is a non-trivial boundary contribution breaking N = 2 SUSY
invariance of the theory (this is an analog of the Warner problem in two-dimensional SUSY theories)
δS =
∫
M
dO(3) =
∫
N=∂M
(
∂2F
∂φi∂φj
F iψj +
1
3!
∂3F
∂φi∂φj∂φk
ψiψjψk
)
, (2.21)
where φi and ψi are components of the abelian N = 2 supermultipletAi consisting of abelain vector
field Aiµ, two Weyl fermions λ
i , ψi and a complex scalar field φi. We also denote F i the curvature
of the gauge field Ai. Consider now the case ofM = D×Σ, N = ∂M = S1×Σ with an action of S1
by rotations of the disk D. In S1-equivariant case, similarly to the two-dimensional case [GLO3],
[GLO4], this boundary contribution can be canceled by the variation of a boundary term expressed
through the Seiberg-Witten prepotential F(φ). In two dimensions this boundary term enters the
expression of the integrand of the Givental type finite dimensional integral representation of the
correlation function in topological sigma models. In the case of gauge fields in four-dimensional one
expects that the Seiberg-Witten prepotential provides an effective description of the integrand of the
corresponding integral representation of the equivariant symplectic volume (2.6). It is reasonable
to guess that the precise description of the integrand in the four-dimensional analog of the Mellin-
Barnes integral representation should be given in terms of the dual theory of monopoles interacting
with the dual abelian gauge fields.
2.4 Integral representations of vortex counting functions
In type B topological Landau-Ginzburg sigma-models correlation functions are naturally given by
periods of holomorphic differential forms. Thus for instance the dual type B description of the type
A topological sigma model on a disk with the target space Pℓ leads to a finite-dimensional integral
representation of the corresponding Whittaker function [GLO4]. The integrand of this integral
representation is directly related with the superpotential of the dual Landau-Ginzburg theory.
Note that the arising Whittaker function is closely related to the instanton counting functions in
the corresponding Pℓ two-dimensional sigma model [Gi1] (see also [GLO1]).
Taking into account the analogy between counting instantons in two and four dimensions one
might expect that the instanton counting function of [LNS] can be also recasted in the compact
integral form to provide a direct relation with the Seiberg-Witten prepotential as it was outlined
at the end of the previous Subsection (for a direct comparison of the asymptotic of the instanton
counting function with Seiberg-Witten solution see [N], [NO]). We postpone the construction of this
integral representation to another occasion while in the rest of this note we consider a degenerate
version of the instanton counting function responsible for counting of two-dimensional vortexes (see
e.g. [JT] for discussion of vortexes). The main result of this section is the compact Mellin-Barnes
type integral representation (2.35) of the vortex counting function (2.27).
Recall that the instanton counting function (up to the classical and one loop contributions) in
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N = 2 SUSY SU(N)-gauge theory interacts with Nf hypermultiplets in the fundamental represen-
tation can be written in the form of the infinite series [LNS]
Zinst(a, τ, ω,m) = 1 +
∞∑
k=1
e2πıτk Zinstk (a,m, ω), (2.22)
where
Zinstk (a, ω,m) =
1
k!
(ω1 + ω2)
k
(ω1ω2)k
∫ k∏
j=1
dφj
2πı
∏
i<j
(φi − φj)2((φi − φj)2 − (ω1 + ω2)2
((φi − φj)2 − ω21)((φi − φj)2 − ω22)
× (2.23)
×
k∏
j=1
∏Nf
α=1(φj +mα)∏N
l=1(φj − al)(φj − al + ω1 + ω2)
.
The vortex counting function (see e.g. [Shad]) can be defined by taking a limit of the instanton
counting function
Zvortex(a, τ,m, ω1) = lim
ω2→∞
Zinst(a, τ + N
2πı
lnω2,m, ω1, ω2). (2.24)
The limit can be taken explicitly to obtain (we use simplify notations ω := ω1 below)
Zvortex(a, τ, ω,m) = 1 +
∞∑
k=1
e2πıτk Zk(a,m, ω), (2.25)
where
Zk(a, ω,m) = 1
k!
1
ωk
∫ k∏
j=1
dφj
2πı
k∏
i<j
(φi − φj)2
(φi − φj)2 − ω2
k∏
j=1
∏Nf
α=1(φi +mα)∏N
l=1(φj − al)
. (2.26)
Here the integration goes over Rk and we imply that al and ω have small positive imaginary parts.
Let us multiply (2.25) by a perturbative contribution Zpert
Z(a, τ,m, ω) = Zpert(a, τ,m, ω)Zvortex(a, τ,m, ω), (2.27)
Zpert(a, τ,m, ω) =
∏Nf
α=1
∏N
p=1 Γ1(ap +mα + ω|ω)∏N
p 6=q Γ1(ap − aq|ω)
. (2.28)
The integral (2.26) over k-vortex moduli space can be expressed as a sum over residues (see [N],
[NO] for similar calculations in the case of instantons)
Zk(a, ω) =
∑
|k|=k
1
k!ωk
∏Nf
f=1
∏N
p=1
∏kp
ip=1
(ap +mf + (ip − 1)ω)∏N
l 6=m
∏kl
il=1
(al − am + (kl − km − il)ω)
, (2.29)
where the sum goes over partitions k = (k1, k2, . . . , kN ), kl ∈ Z≥0, |k| = k1 + k2 + . . .+ kN . Taking
into account the following simple identities
Γ(x+ n+ 1)
Γ(x)
=
n∏
p=0
(x+ p),
Γ(x)
Γ(x− n) =
n∏
p=1
(x− p), n > 0, (2.30)
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∂∂x
(
1
Γ(x− k)
)
|x=0 = (−1)k k! , (2.31)
we have
1∏N
l 6=m
∏kl
il=1
(al + (kl − il)ω − (am + kmω))
=
∏N
l 6=m Γ1(al − (am + kmω)|ω)∏N
l 6=m Γ1(al + klω − (am + kmω)|ω)
, (2.32)
Nf∏
f=1
N∏
p=1
kp∏
ip=1
(ap +mf + (ip − 1)ω) =
Nf∏
f=1
N∏
p=1
Γ1(ap +mf + kpω|ω)
Γ1(ap +mf + ω|ω) . (2.33)
Thus the vortex generating function can be rewritten as follows:
Zvortex(a, τ,m, ω) = 1∏Nf
f=1
∏N
p=1 Γ1(ap +mf + ω|ω)
∞∑
k=0
e2πıτk
∑
|k|=k
1
k!ωk (2.34)
×
Nf∏
f=1
N∏
p=1
Γ1(ap + kpω +mf |ω)
N∏
l 6=m
Γ1(al − (am + kmω)|ω)
Γ1(al + klω − (am + kmω)|ω) .
Let us consider the following multiple integral
Z˜(a, τ,m, ω) =
∫
S
N∏
j=1
dφj
2πı
e2πı(τ+
1
2
)
∑N
j=1(φj−aj)/ω
∏N
j=1
∏N
l=1 Γ1(al − φj |ω)∏
i 6=j Γ1(φi − φj |ω)
× (2.35)
×
∏N
j=1
∏Nf
α=1 Γ1(φj +mα|ω)∏
j 6=i Γ1(aj − ai|ω)
,
where the integration contour S encloses only the poles of Γ1(al − φj |ω) (i.e we take al → al + ı0
and mf → mf + ı0). The integral is given by as sum over residues at φj = al + klω such that
different φj correspond to different al. Taking into account that the integrand is symmetric with
respect to interchange of φj we can take, up to a simple symmetric factor, φj = aj + kjω. Then
the evaluation of the residues leads to identification of the integral expression Z˜(a, τ,m, ω) given
by (2.35) with the vortex counting function (2.27), (2.28), (2.34).
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